We explore the design parameter space of short (5-25 period), n-doped, Ga/(Al,Ga)As semiconductor superlattices (SSLs) in the sequential resonant tunneling regime. We consider SSLs at cool (77K) and warm (295K) temperatures, simulating the electronic response to variations in (a) the number of SSL periods, (b) the contact conductivity, and (c) the strength of disorder (aperiodicities). Our analysis shows that the chaotic dynamical phases exist on a number of sub-manifolds of codimension zero within the design parameter space. This result provides an encouraging guide towards the experimental observation of high-frequency intrinsic dynamical chaos in shorter SSLs.
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I. INTRODUCTION
Chaotic oscillations in n-doped, weakly-coupled semiconductor superlattices (SSLs) have generated interest for many years. Spontaneous oscillations, quasiperiodic orbits, and chaos have already been observed experimentally at very low temperatures [5] [6] [7] and at room temperature [10, 11, 13, 20, 21] in 50-period SSLs. The sequential resonant tunneling (SRT) bifurcation described next.
Supercritical Hopf Bifurcation:
As the bias voltage is increased, J(t) undergoes a supercritical Hopf bifurcation. The fixed point becomes unstable, and J(t) becomes attracted to a closed periodic orbit. In this regime, the SSL acts as a GHz oscillator with a discrete power spectrum involving the frequencies f n = n/T, n = 1, 2, 3, ..., where the fundamental period T is the period of the lowest-frequency oscillation present. The superharmonics n > 1 arise due to the nonlinearities of the SRT model. Since T varies smoothly with the bias voltage, the oscillator is also tunable.
Period Doubling Bifurcation: The periodic orbit described above is topologically equivalent to a circle in phase space. The Poincaré map of this trajectory consists of a single point, called a one-cycle. Increasing the bias voltage further, one-cycles of the Poincaré map transition to two-cycles, i.e. two points, meaning that the orbit circles twice before it closes onto itself. The fundamental period of the oscillator is doubled, T → 2T , and the fundamental frequency is cut in half:
A new peak appears in the power spectrum spectrum at half the fundamental frequency, and the number of superharmonics doubles. Following a period doubling bifurcation, it is possible that the reverse (period-halving) bifurcation may occur. We refer to the regions between these bifurcations as period doubling bubbles. An application of period doubling, due to the subharmonic peak, is the generation of squeezed states [28] , which have applications in the area of noise reduction.
Period Doubling Cascade: An infinite number of period doublings is possible within a finite voltage interval. The invariant phase space structures transition from a smooth compact manifolds (periodic orbits of high periods) to irregular sets called strange attractors.
The Poincaré map takes on a fractal structure.
Transport in SSLs can take place through two possible channels: Quantum tunneling between the Γ valleys of adjacent wells, or phonon-assisted transport through the X valley of the barriers (Γ-X transfer). Chaotic oscillations in SSLs are only possible when tunneling transport dominates over diffusive transport [20, 21] . The phonon-assisted transport may be suppressed by (a) lowering the temperature of the SSL, (b) reducing the level of doping (and hence the Fermi energy), or (c) adding Aluminum to the barriers. For GaAs/AlAs SSLs, the X-valley of the AlAs barriers is only 110 meV higher than the lowest subband of the 4 nm GaAs wells considered in this paper. Adding Aluminum to the barriers has the effect of lowering the Γ-minimum and increasing the X-minimum. For Al x Ga 1−x As SSLs with Aluminum concentration x = 0.45, the Γ-and X-minima are both 337meV above the lowest subband of the GaAs well. Therefore at room temperature, the x = 0.45 SSLs supress the phonon-assisted transport by a factor of about 1.6 × 10 −4 compared with the x = 0 SSLs [20] . In this work, we fix the doping density to N D = 6 × 10 10 cm −2 and simulate two scenarios: GaAs/Al 0.7 Ga 0.3 As SSLs at 77K and GaAs/Al 0.45 Ga 0.55 As SSLs at 295K.
With an eye towards development of fast, electronic true random number generators, we investigate the response of the chaotic signal to variations of the design parameters of these systems: The number of periods, the contact conductivity, and the strength of the disorder (aperiodicity) of the SSL. The outline of our paper is as follows: In Section II, we review the SRT model. In Section III, we describe the numerical methods. In Section IV, we present the results of our simulations. A discussion of our results is given in Section V.
II. MODEL
Many phenomena are captured by SRT model of nonlinear charge transport in SSLs [14, 22, 23, 30] . Consider a weakly coupled superlattice having N identical periods of length l and total length L = N l subject to a dc bias voltage V bias . The time evolution of the average electric field of SSL period i, F i , and the total current density, J(t), are coupled together by Ampere's law
with the voltage bias constraint
Fluctuations of F i away from its average value F avg = eV bias /L arise from the inter-site tunneling current J i→i+1 , which appears in equation (1) . A microscopic derivation of J i→i+1 produces the result [22, 24] 
in which n i is the electron sheet density at site i, −e < 0 is the electron charge and T is the lattice temperature. The forward velocity, v (f ) (F i ), which is modeled as a Lorentzian distribution, is peaked at resonant values of F i , where the lowest energy level at site i are aligned with one of the levels at site i + 1. The backward tunneling current is given by
where the reference value of the effective electron mass in Al x Ga 1−x As is m * = (0.063 + 0.083x)m e , and k B is the Boltzmann constant. The n i are determined self-consistently from the discrete Poisson equation,
where N D is the doping sheet density and is the average permittivity. The field variables F i are constrained by boundary conditions at i = 0 and i = N that represent Ohmic contacts with the electrical leads
where σ 0 is the contact conductivity. Shot and thermal noise can be added as indicated in [15, 25] . Table I , where V barr is the height of the barrier [15, 20] .
A. Noise
To model the unavoidable fluctuations in the bias voltage, as well as the short-timescale processes in the electronic dynamics, stochastic terms [15] are introduced into equations (1)- (6). To account for the noise in the bias voltage, equation (2) is modified to
where η(t) is taken to be a Gaussian random variable with standard deviation σ η . To account for the short-timescale processes at each site of the SSL, equation (1) is modified to include shot noise in the local tunneling current
where
We see that η(t) is independent of i, while ξ i (t) are independent Gaussian random variables associated with each site of the SSL. The strength of the fluctuations in the bias voltage may be tuned via the empirical parameter σ η , while the strength of the fluctuations in the local tunneling current is completely determined by the parameters of Table I .
B. Disorder
We also consider time-independent perturbations that break the periodicity of the SSL.
We introduce variations in the widths of the wells and barriers via the scaling parameters β i and ζ i . The perturbed well and barrier lengths are
The change in total length of the SSL modifies the bias constraint equation (2) to
To lowest order, the energy levels scale with β i according to
These modifications imply that the effective dielectric constant becomes dependent on i,
Following Bonilla et. al. [32] , equations (3) and (4) are modified to account for the effects of disorder on v (f ) (F i ) and τ i :
The parameters γ C,m describe the width of the Lorentzian broadening functions that govern the degree to which the energy levels must be aligned in order for tunneling to take place.
From reference [32] , these are taken to be γ C,1 = 2.5 meV, γ C,2 = 8.0 meV, γ C,3 = 24 meV.
The magnitudes of the propagating (k 
and
III. COMPUTING THE POINCARÉ MAP
The Poincaré map is used to gain insight into the structure of trajectories through highdimensional space. In this section we outline our method of numerically computing the Poincaré map. The evolution equations (1)- (6) are evolved in time using the forward Euler method and the trajectory (F i (t), n i (t), J(t)) through the (2N + 1)-dimensional phase space is stored. When applicable, the stochastic terms ξ i (t) and η(t) are included using the EulerMaruyama method. The first step is to construct the phase portrait, i.e. to project the evolution onto a two-dimensional surface in phase space. We choose the surface spanned by the the coordinates ( considered in what follows: When F i (t) passes through its median value, the time t * and the field F j (t * ) are stored. We also compute the quantityḞ i (t * ) from equation (1) . We then discard all of the values of t * for whichḞ i (t * ) > 0, in order to prevent sampling the same orbit more than once per cycle. The remaining points constitute the Poincaré map PF i .
The Poincaré map transforms the essentially continuous trajectory through phase space into a discrete map from the one-dimensional interval onto itself [27] . We represent it visually in terms of (a) phase portraits, plotting PF j (t * ) against PḞ j (t * ), as in the third column of Both fixed points and periodic orbits appear as a single point in the visualization of the Poincaré map. However, fixed points are easily distinguished from periodic orbits (onecycles) by computing the power spectrum associated with the current J(t): The first column shows the average current J plotted against time t. The second column shows the phase portrait F 6 (t) plotted against F 4 (t). The third column shows the Poincare map PḞ 6 (t * ) plotted against PF 6 (t * ). The last column shows the power spectrum of J(t). A periodic oscillation is shown in the first row. The period-doubling cascade to a chaotic attractor is shown in the bottom four rows.
where f is the frequency. A period-doubling bifurcation is identified when one-cycles transition to two-cycles, producing two points in the Poincaré map. Chaotic regions are identified where a proliferation of period-doubling bifurcations occur, and the number of points in Within a plateau, we may observe period-doubling bifurcations, period-doubling cascades, and chaotic attractors, whose locations depend upon on the values of the rest of the parameters, in particular σ, the contact conductivity, N , the number of wells making up the SSL, and β (ζ), the strength of the perturbations to the well (barrier) widths. Shorter superlattices exhibit faster oscillations and a greater variety of dynamical behavior in the second plateau [16] . We are concerned with finding the parameter regions with the strongest nonlinear phenomena. Our observable of interest is the periodicity, i.e. the number of distinct points in the Poincaré map, which is equivalent to the number of branches in the bifurcation diagram. The nonlinear orbits of higher periodicity are found deeper into the period doubling cascade, either within or near to the chaotic windows.
An important empirical parameter of the SRT model is the contact conductivity. In Figure 3 , we show the response of the periodicity to variations in the contact conductivity.
We have chosen the values of N which maximize the total area of the high-period orbits in the Poincaré mapping as a function of voltage: N = 14 for GaAs/Al 0.7 Ga 0.3 As SSLs, and N = 10 for GaAs/Al 0.45 Ga 0.55 As SSLs.
In both cases we observe that the second plateau remains in existence for very low conductivity, then narrows, fragments, and disappears at sufficiently high conductivity. The highest-period orbits and chaos are concentrated at high conductivity and the highest voltages contained in the second plateau. These results suggest that in order to find the most chaotic dynamics, the highest possible conductivities that allow for the existence of the second plateau should be sought out. In the rest of our results, we set the conductivity to σ = 0.06 A/Vm for GaAs/Al 0.7 Ga 0.3 As SSLs (the same as in [16] ) and σ = 0.30 V/Am for Finally, we investigate the sensitivity of the chaos to disorder by varying β in Figure 5 .
The width of one GaAs monolayer is about 0.28 nm. In our simulations, the addition of a single monolayer is capable of destroying the chaos in the case of the taller barriers. On the other hand, the chaotic signal of the shorter barriers appears to be enhanced by the presence of disorder. We note that the location of the added disorder is nearer to the cathode for the taller barriers and nearer to the anode for the shorter barriers. It would would be interesting to further investigate the conditions where the chaos is enhanced by the presence of disorder.
We simulate the effects of noise on the bifurcation diagram in Figure 6 , including both shot noise and bias voltage noise. We can see that in regions where the periodicity (number of branches in the bifurcation diagram) is low, the noise widens the Poincaré map from an isolated point into a cluster, but the branches are still recognizable. On the other hand, where the periodicity is higher or the dynamics are chaotic, the noise widens the Poincaré map into a broad band.
Let us imagine an experiment which detects the local field F 6 , shown in Figure 6 , at some finite resolution, i.e. the number of bins, with the objective of reading out a sequence of random bits. Then the random bit generation rate will scale proportionally to the width of the Poincaré map times the resolution of the imaginary F 6 -sensor. The bands within the regions of higher periodicity or intrinsic dynamical chaos would cover a larger number of bins. Hence these regions would generate random bits at higher bandwidth in comparison with the regions of lower periodicity. In practice, the local current I 6 would be easier to measure, but the results would be qualitatively very similar. 
V. CONCLUSIONS
The discovery of robust, high-frequency, intrinsic nonlinear phenomena and chaos in shorter semiconductor superlattices in the sequential tunneling regime points the way toward a variety of useful devices. In this work, we have characterized the response of the chaotic oscillations to variations in the number of SSL periods and the contact conductivity, providing a guide for the experimental investigation of the emergence of chaos in short SSLs.
The chaos is predicted to appear as the result of a period-doubling cascade.
We have also investigated the response of the chaotic signal to stochastic perturbations in the local tunneling currents and the bias voltage. In contrast with the slower, noise-driven chaos in the first plateau for longer superlattices, we observe that shorter SSLs allow for faster, intrinsic chaos in the second plateau.
We have also investigated the effects of variations in the widths of the wells and barriers on the period-doubling cascade. We find that the period-doubling cascade is very sensitive to these perturbations. An error of only a single monolayer has a strong impact on the width of the windows of chaotic behavior. The chaotic windows may be either widened or suppressed depending on the location of the irregularities, hence it may be possible to engineer aperiodicities in SSLs in order to increase the chaotic signal.
We had initially conjectured that the presence of aperiodicities could unfold the perioddoubling bifurcation into a second Hopf bifurcation. However, this turned out not to be the case. Our study of the DC-biased SRT model shows only a period-doubling route to chaos (no second Hopf bifurcation). On the experimental side, quasi-periodic orbits and the associated invariant tori are commonplace. An interesting theoretical question is: By what mechanism do quasi-periodic orbits appear in weakly-coupled SSLs?
